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Two integral operators P  and Q for analytic functions in the open unit disk
are introduced. The object of the present paper is to give an application to a
theorem of Miller and Mocanu.  2000 Academic Press
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1. INTRODUCTION
Let A denote the class of functions of the form

nf z  z a z 1.1Ž . Ž .Ý n
n2
   4which are analytic in the open disk U z: z  1 . Recently Jung et al.
 3 introduced the following one-parameter families of integral operators,
 1z2 z
 P f P f z  log f t dt  0 , 1.2Ž . Ž . Ž . Ž .H ž /z  tŽ . 0
1
z t 
  1Q fQ f z  1 t f t dtŽ . Ž .H   ž /ž / zz 0
 0, 1 , 1.3Ž . Ž .
and
z 1
1J f J f z  t f t dt 1 , 1.4Ž . Ž . Ž . Ž .H  z 0
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Ž .  4where   is the familiar Gamma function. For N 1, 2, . . . , the
   operators P , Q , and J were considered by Bernardi 1, 2 . Further, for1 
a real number 1, the operator J was used by Owa and Srivastava
   6 , and by Srivastava and Owa 7, 8 .
Ž . Ž .  Remark. For f z  A given by 1.1 , Jung et al. 3 have shown that
 2
 nP f z  z a z  0 , 1.5Ž . Ž . Ž .Ý nž /n 1n2
   1   nŽ . Ž .
 nQ f z  z a zŽ . Ý n  1    nŽ . Ž .n2
 0, 1 , 1.6Ž . Ž .
and
  1
nJ f z  z a z 1 . 1.7Ž . Ž . Ž .Ý nž / nn2
Ž . Ž .By virtue of 1.6 and 1.7 , we see that
J f z Q1 f z 1 . 1.8Ž . Ž . Ž . Ž . 
For our purpose, we introduce
Ž .DEFINITION 1. Let G be the set of complex valued functions g r, s, t ;
g r , s, t : C 3 C C is the complex planeŽ . Ž .
such that
i g r , s, t is continuous in a domain D	 C 3 ,Ž . Ž .
ii 0, 0, 0 D and g 0, 0, 0  1,Ž . Ž . Ž .
ik 1 1 3k e  LŽ .
i iiii g e , e ,  1Ž . ž /2 4
whenever
k 1 1 3k ei LŽ .
i ie , e , Dž /2 4
Ž i . Ž .with Re e L 
 k k 1 for real  and real k
 1.
Ž .DEFINITION 2. Let H be the set of complex valued functions h r, s, t ;
h r , s, t : C 3 C C is the complex planeŽ . Ž .
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such that
i h r , s, t is continuous in a domain D	 C 3 ,Ž . Ž .
ii 0, 0, 0 D and h 0, 0, 0  1,Ž . Ž . Ž .
k 1  
i iiii h e , e ,Ž . ž  
i  1 2 k 1    e  LŽ . Ž .
 1/    1Ž . Ž .
whenever
ik 1     1 2 k 1    e  LŽ . Ž .
i ie , e , Dž /      1Ž . Ž .
Ž i . Ž .with Re e L 
 k k 1 for real  and real k
 1.
2. MAIN RESULT
We begin with the statement of the following lemma due to Miller and
 Mocanu 4 .
Ž . Ž . iLEMMA. Let a function w z  A with w z  0 in U. If z  r e0 0
Ž .  Ž .   Ž . 0 r  1 and w z  max w z , then0 0
   z  z0
z w z  kw z 2.1Ž . Ž . Ž .0 0 0
and
z w zŽ .0 0
Re 1 
 k , 2.2Ž .½ 5w zŽ .0
where k is real and k
 1.
Making use of the above lemma, we prove
Ž . Ž .THEOREM 1. Let g r, s, t G and let f z belonging to A satisfy
P  f z , P 1 f z , P 2 f z D	 C 3 2.3Ž . Ž . Ž . Ž .Ž .
and
 1 2g P f z , P f z , P f z  1 2.4Ž . Ž . Ž . Ž .Ž .
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for  2 and zU. Then we hae
P f z  1 zU . 2.5Ž . Ž . Ž .
Ž .Proof. Defining w z by
P  f z  w z  2 , 2.6Ž . Ž . Ž . Ž .
Ž . Ž . Ž .we have w z  A and w z  0 zU . With the aid of the identity
 1   z P f z  2 P f z  P f z  2 cf. 5 , 2.7Ž . Ž . Ž . Ž . Ž .Ž . Ž .
we have
1 1P f z  w z  zw z 2.8 4Ž . Ž . Ž . Ž .2
and
1  2 2P f z  w z  3 zw z  z w z . 2.9 4Ž . Ž . Ž . Ž . Ž .4
i Ž .Suppose that z  r e 0 r  1 and0 0 0
w z  max w z  1. 2.10Ž . Ž . Ž .0
   z  z0
Ž . i Ž .Letting w z  e and using 2.1 , we see that0
P  f z  w z  ei , 2.11Ž . Ž . Ž .0 0
1 k 1
1 iP f z  k 1 w z  e 2.12Ž . Ž . Ž . Ž .0 02 2
and
1
2 2P f z  1 3k w z  z w z ,Ž . Ž . Ž . Ž . 40 0 0 04
1 3k ei LŽ .
 , 2.13Ž .
4
2 Ž .where L z w z and k
 1.0 0
Ž .Further, an application of 2.2 gives
z w z z 2 w zŽ . Ž .0 0 0 0
Re Re 
 k 1 , 2.14Ž . Ž . i½ 5½ 5w z keŽ .0
or
 i 4Re e L 
 k k 1 . 2.15Ž . Ž .
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Ž .Since g r, s, t G, we have
 1 2g P f z , P f z , P f zŽ . Ž . Ž .Ž .
ik 1 1 3k e  LŽ .
i i g e , e ,  1 2.16Ž .ž /2 4
Ž .which contradicts condition ii of Theorem 1. Therefore, we conclude that
w z  P f z  1 2.17Ž . Ž . Ž .
for all zU. This completes the assertion of Theorem 1.
Ž . Ž .COROLLARY 1. Let g r, s, t  s and let f z  A satisfy the conditions1
in Theorem 1 for  2 and zU. Then
iP f z  1 i 0, 1, 2, . . . ,  2; zU . 2.18Ž . Ž . Ž .
Ž .Proof. Note that g r, s, t  s is in G, so with the aid of Theorem 1, we
have
1 P f z  1 P f z  1  2Ž . Ž . Ž .
i P f z  1 i 0, 1, 2, . . . ,  2; zU .Ž . Ž .
Ž . Ž .THEOREM 2. Let h r, s, t H and let f z belonging to A satisfy
Q f z , Q1 f z , Q2 f z D	 C 3 2.19Ž . Ž . Ž . Ž .Ž .  
and
 1 2h Q f z , Q f z , Q f z  1 2.20Ž . Ž . Ž . Ž .Ž .  
for  2, 1, and zU. Then we hae
Q f z  1 zU . 2.21Ž . Ž . Ž .
Ž .Proof. Defining w z by
w z Q f z  2, 1 , 2.22Ž . Ž . Ž . Ž .
Ž . Ž . Ž .we have w z  A and w z  0 zU . With the aid of the identity

 1   z Q f z    Q f z    1 Q f z cf 5 ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .  
2.23Ž .
we have
1
1Q f z    1 w z  zw z 2.24 4Ž . Ž . Ž . Ž . Ž .  Ž .
AOUF, HOSSEN, AND LASHIN480
and
1
2Q f z Ž .     1Ž . Ž .
   1   2 w z Ž . Ž . Ž .
2   1 zw z  z 2 w z . 2.254Ž . Ž . Ž . Ž .
i Ž .Suppose that z  r e 0 r  1 and0 0 0
w z  max w z  1. 2.26Ž . Ž . Ž .0
   z  z0
Ž . i Ž .Letting w z  e and using 2.1 , we see that0
Q f z  w z  ei , 2.27Ž . Ž . Ž . 0 0
1
1 i 4Q f z  k 1   e , 2.28Ž . Ž . 0  
and
1
2Q f z Ž . 0     1Ž . Ž .
i   1 2 k 1    e  L , 2.29Ž . Ž . Ž . 4
2 Ž .where L z w z and k
 1.0 0
Ž .Further, an application of 2.2 gives
z w z z 2 w zŽ . Ž .0 0 0 0
Re Re 
 k 1 , 2.30Ž . Ž . i½ 5½ 5w z keŽ .0
or
 i 4Re e L 
 k k 1 . 2.31Ž . Ž .
Ž .Since h r, s, t H, we have
 1 2h Q f z , Q f z , Q f zŽ . Ž . Ž .Ž .  
k 1  
i i h e , e ,ž  
i  1 2 k 1    e  LŽ . Ž .
 1 2.32Ž ./    1Ž . Ž .
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Ž .which contradicts condition ii of Theorem 2. Therefore we conclude that
w z  Q f z  1 2.33Ž . Ž . Ž .
for all zU. This completes the assertion of Theorem 2.
Ž . Ž .COROLLARY 2. Let h r, s, t  s and let f z  A satisfy the conditions0
in Theorem 2 for  2, 1, and zU. Then
iQ f z  1 i 0, 1, 2, . . . ,  2, 1; zU , 2.34Ž . Ž . Ž .
Ž .Proof. Note that h r, s, t  s is in H, so with the aid of Theorem 2,0
we have
1 Q f z  1 Q f z  1  2, 1; zUŽ . Ž . Ž . 
i Q f z  1Ž .
i 0, 1, 2, . . . ,  2, 1; zU .Ž .
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